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To the memory of George G. Lorentz 

Abstract. We prove a conjecture due to Y. Last. The new determinantal 
representation for transmission coefficient of Jacobi matrix is obtained. 



In this paper we consider discrete Schrodinger operator on the half-lattice with 
bounded real potential v 
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In f7], Y. Last posed the following problem 
Conjecture 0.1. Do the following conditions: u„ — > and 

Vn+q - Vn G 

(q G Z+- fixed) guarantee that (Tac{J) = [^2, 2] ? 

The symbol aac{J) conventionally denotes the absolutely continuous (a.c.) spec- 
trum of self-adjoint operator J. In this paper, we give an affirmative answer to this 
question. The manuscript consists of two sections. The first one is mostly algebraic, 
it contains the determinantal formula for the so-called transmission coefficient that 
allows us to immediately treat the case q = \. In the second part, we show how 
asymptotical methods for difference equations provide the solution for any q. The 
appendix contains an elementary lemmas for harmonic functions which are used in 
the paper. 

Recently, many results on the characterization of parameters in the Jacobi matrix 
through the spectral data were obtained and the £^-condition on coefficients was 
often involved in one form or another (see, e.g., [H HI [6l [10] ) . This paper makes the 
next step in this direction by developing the technique suggested in [2] . 

We will use notations: ((5w)„ = Vn+i — Vn, — Vn+q — Vn, XjeM is the 

characteristic function of the set M. For the sequence a £ i^, the symbol ||a||p 
denotes its norm in £p. As usual, the symbol C denotes the positive constant 
which might take different values in different formulas. For any matrix B G C*^^*^, 
the symbol ||i?|| will denote its operator norm in C*^. Consider a linear bounded 
operator A acting in the Hilbert space. Assume that it is Hilbert-Schmidt, i.e. 
A € S2- Then, we define the regularized determinant by the formula (see, e.g., [S]) 

det2(/ + A) =det(/ + i?2(A)) 



2 



SERGEY A. DENISOV 



where 

R2iA) = iI + A) exp(-A) -I eSi 
The symbol Sp is reserved for the standard Schatten-von Neumann class. 

1. Determinantal formula and q = 1. 

It will be convenient for us to start with Jacobi matrices on £^(Z). Let 77 be a 
discrete Schrodinger operator on ^^(Z) with potential v. Later on, we will make the 
following choice for v. For positive indices, it will be taken from ([1]). For negative 
indices, it will be set to zero. By Hq we will denote the "free" case, i.e. the case 
when the potential v is identically zero on all of Z. Consider the right and the left 
shifts acting on £^(Z) 

{Rf)n = fn-li L = R* 

Obviously, R = L~^. For any z E C, introduce the following diagonal operators 
A(z) = {A„(z)} and A°(z) = A(z) • /, where 

and ^ has a cut along the positive axis. Notice that the both functions map the 
upper half-plane into the lower half of the unit disc, i.e. {z G C : \z\ < l,lmz < 0}. 
Let 6A{z) = A{z) — Ao(z). We also need the finite dimensional versions of these 
operators. Take m = 2n + 1-dimensional linear space span{e_„, . . . , e„} and let i?„ 
and Ln be right and left cyclic shifts, respectively. They are unitary operators and 
Ln — Rn^- Let A„, Aj^, SAn = A„ — A° be restrictions of A, A", and SA. Define 
LUj — Xj+1 — Xj,j ~ —n, . . . ,n — 1, ujn = A_„ — A„ and the corresponding diagonal 
operator ri„ = {ujj}, j = — rt, . . . ,n. 

If Kn = Ln + Rn — A„ — A^^, thcn we have an elementary 

Lemma 1.1. For any z ^ M, we have 

{Ln — An)(Rn ~ A„) = —AnKn — flnLn — — A„A„ — i?„f2ri 
{Rn ^ A„)(L„ — A„) = —KnAn + i^n^n 

Proof. The proof is a straightforward calculation. □ 

Lemma 1.2. For any z E C+, 

, ^ det(L„ - A„) det(i?„ - A„) 

= 

X exp^tr [rj„L„[(L„ - A„)(i?„ - A„)]~i]) 

X det 2[/ + nnLn[{Ln - A„)(i?„ - An)]'^] 



detK, 



_ det(£„ - A„) det(i?„ - A„) 
det A„ 

X exp(tT [nnLn[{Rn - A„)(L„ - A„) - Rn^n - il„L„]"^]^ 
X det 2[/ + nnLn[{Ln - A„)(i?« " A„)]"^] 

det(L„ - A„) dct(i?„ - A„) 



(3) 



det An 

exp^tr [~nnLn[{Rn - A„)(L„ - A„)]-i]) x det 2[/ - f7„L„[(i?„ - An){Ln - A„)]-i] 

(4) 
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det K„ 



det{Ln - An) dct(i?„ - An) 
det A„ 



xexpQtr[J7„L„(L„-A„) i(i?„-A„) ^ (i?^„f7„ + f]„L„)(i?„ - A„) i(L„-A„) 

r 1 1/2 

X l^det 2[/ + 17„L„(i?„ - A„)-i(L„ - A„)-i] det 2[/ - n^LniL,, - A„)"^(i?n - A„)"^ 

(5) 

Proof. ^ and follow immediately from the previous lemma. Multiplication of 
^ and ^ yields ([5]) after application of the second resolvent identity: 

{A + V)-^ - A-^ = -A^WiA + V)-^ 

and taking the suitable square root. □ 

Writing down the formula ([5]) for the "free" case with 

and dividing, we have 

,,r^,^oi dct(/ - - A°)-iMn) dct(/ - - A°)-iM„) 
det [KJK,,\ ^ detiAJAS-J 

X exp Q tr [rinLniL,, - A„)-i(i?„ - A„)-i(i?„a> + aiin)(i?n - A„)-i(L„ - A„)-i]^ 

r 1 
X ^det 2[/ + -A„)-i(^« -A„)"^]det2[/- J^n^«(in -A„)~^(i?n -A„)~^ 

(6) 

Later on we will need the following bound 

Lemma 1.3. For any z € and v, we have the following estimates for the 
operator norms 

||(Ln-A„)"'|| <C(Imz)-i(l + Imz), \\{L-A)~^\\ < C(Imz)-i(l + Imz) (7) 
||(i?n- A„)-i|| < C(Imz)-i(l + Imz), A)-i|| < C(Im + Im z) 



Proof. Writing A(z) in polar coordinates, one can prove that 



z - \/z^ - 4 



a/4+ (Imz)2 - Imz 
< z , z e 



and 



Since 



lAnll < 



^4 + (Im z)2 — Im z 



CIm z 



<1-||A„|| < |((L„-A„)/,L„/)| < ||(L„-A„)/||, 11/11 =1 



1 + Im z 

we have the statement of the lemma. The statements for L, Rn, R have the same 
proofs. □ 



Taking ti ^ oo in ([5]), we get 
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Lemma 1.4. Assume that v is supported on |j| < ^- For z G C^, 

det(/ -{L- A°)-^6A) det(/ - (i? - A°)-^5A) 



det[{H-z)/{Ho-z)] 



det [A/ AO] 



exp Q tr [nL{L - A)-\R - Ay^Ril + nL){R - A)-\L - A)-^]j (8) 
det 2[/ + nL{R - A)-\L - A)-i] det 2[/ - OL(L - A)-\R - A)-^ 



1/2 



Proof. Since v is compactly supported, all determinants and traces in ^ and ([5]) 
are taken of the finite matrices with size of order ~ I. Therefore, it is sufficient to 
check that the corresponding matrices converge componentwise, which follows from 
the bound ([7]). In the same way one can show that 

det[/+ (ifO)-i(K„ - ifO)] ^ det[/+ (i7o - z)-^(H - Ho)] 

Then, taking n — > oo in (l6|), one has ([8]). □ 

Lemma 1.5. If z E C+, then 

n oo 

[(L-A")-V]„= E ^""'W/fe-i' [(i?-A°)-V]n = E^'""(^)^+i 

fc— — oo k—n 

Proof. The sums are in (Z) by Young's inequality for convolutions since | A (z) | < 1 . 
The rest is a direct calculation. □ 

By inspection, we have 

Lemma 1.6. If z E C+, then 

det [I-{L- A°)-MA] = 1, det [l-{R- A")-MA] = 1 

/ 

det [A°A-^] = Y[ [a(z)/A,(z) 

j=-i 

Proof. It is a direct corollary from lemma 11.51 □ 

Thus the formula ([8]) can be simplified and we have 
Lemma 1.7. For compactly supported v, 



oo 

det[{H~z)/{Ho~z)]^ n [^WA^(^ 



exp Q tr [nL{L - A)-\R - Ay^Rfl + nL){R - A)-^{L - A)-^] 
dot 2[/ + nL{R ~ A)-i(L - A)-i] det 2[/ - nL{L - A)-^{R - A)-il 



(9) 



Consider the first factor. Take any sequence v = S Z of real numbers 

such that Vj ^ as |j| oo and let = v ■ X\j\<N be its truncation where N is 
large. For each N, introduc^H 



^ The use of symbol WKB is justified by analogous results in asymptotical theory of ordinary 
differential equation (see, e.g., [3]). This abbreviation is after Wentzel-Kramers-Brillouin. 
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N 

WKB,m{z)= W [a(z)/A,(z) 

3 = ~N 

where Aj(z) and \{z) are defined in Obviously, if v is compactly supported, 
then WKByN (z) will coincide with the first factor in Q as long as N is large. 
Notice that, for any fixed S, we have 

\WKB^N{z)\r^l (10) 

for any z E [—2 + 6,2 — 6] and any N provided that ||w||oo is small. 

In scattering theory, the inverse to the transmission coefficient is usually denoted 
by a{z). We will introduce its modification (or, rather, regularization) . It will be 
denoted by am{z). For compactly supported u, consider the second and the third 
factors in ([9]). Let 

= exp Q tr [nL{L - Ay^{R - A)-\m + nL){R - A)-\L - A)-^] 

r 1 1/2 

X det 2[/ + ^L{R - A)-i(L - A)-^] det 2[/ - nL{L - A)-^{R - A)~i 

(11) 

The relevance of am(z) to the scattering will be clear from the proof of the Theo- 
rem [TTTJ 

We want to control am{z) for Imz > and \z\ < 4. Specifically, we need 
estimates on the boundary behavior as z approaches [—2,2]. For the Hilbert- 
Schmidt norm |ir2||s2 of Q, we have 

m\s2<c\\6vh 

Combining this estimate with ([7]), we get 
Lemma 1.8. For Imz > 0, \z\ < 4, 

lnK(z)|<ciMi (12) 

Also, for any fixed e > and any z : Imz > e, \z\ < A, we have 

|a„(z)| > C(e,||(5i;||2) > (13) 

provided that \\6v\\2 is small. 



Proof. The estimates follow from the Lemma 11.31 and from the properties of the 
trace and det 2 (see |9], p. 107 (b) and 8 , p.242 problem 28.2). □ 

Now, we are ready to prove the main statement of the first section. 

Theorem 1.1. Assume that Vn ^ and Vn+i — Vn G ^^(Z+). Then, aac{J) — 
[-2,2]. 

Proof. By Weyl's theorem, the essential spectrum of J is [—2,2]. By the Kato- 
Rosenblum theorem, the support of a.c. spectrum does not change under the trace- 
class perturbations and <Tac{J) = o'aci-JiL)) where J{L) has potential v{L) = v ■ 

Xj>L. 

\\v{L)\\^ + \\5v{L)h^0, i^oo (14) 
and therefore we can assume ||w||oo + II '^'^ II 2 to be as small as we wish. 
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For large N, consider truncations , i.e. = v ■ Xj<N- Also, take 
on with potential Vj — for j > and Vj — for j < 0. Let denotes 

analogous truncation for J. Then, the Jost function ^n{k) is defined as the solution 
to ~ (fc + k~^)ip that satisfies ipn{k) — fc" for n > N. It is well-known that 

such a solution exists for all fc 7^ 0. We will be interested in k : Im fc<0,0<|fc|<l 
which corresponds to z = k + G C+. 

Since uj^ = for negative j, V'n(fc) = {z)k"' + {z)k~'^ for n < 0. We will 
use the following well-known facts 

r 

a^{z) = det 



ttN 

-Wo 



|a'^(z)| > 1 for z e (-2,2) (15) 
1 4|sin6'| ,jj^^^iV(^)^ z ==2 cos 61 e [-2,2] (16) 



|a^(z)|2 \m^ {z) + eiO\^ 

(see p. 346, [1]), here m^{z) is the Stieltjes transform of the spectral measure 
dp AT (A) of J^. From p5|l. 

\n\a'^{z)\dz > 

-2+i5 

for any small S > 0. 

Consider the formula Q for a^(z) and use (fTO|) . (fTTjl . and Lemma 13.31 from 
Appendix with /(z) = -ln|a^(z)|, a ^ -2 + S, b = 2 - 6. The estimates ([T2l) . 
(|T3l) . and (fT4|l guarantee its appUcability because the function (z) is continuous 
up to the real line in the specified domain since has a finite support. Thus, we 
have 

2-<5 

ln\aZ(z)\dz > -C 

-2+f) 

Therefore, due to (fTU)) and P^ . 

2-5 

lnp^(z)dz>-C (17) 

-2+<5 

uniformly in A^. Since dp^^X) — > dp{X) in the weak sense [I], the semicontinuity 
argument from [4J, Corollary 5.3 gives 

2-5 

\np'{z)dz>~C (18) 

-2+i5 

for all S > 0. That implies that the a.c. part of the spectrum covers [—2, 2]. □ 
2. Last's conjecture for any q. 

In this section, we will apply the standard method of asymptotical analysis to 
study the Schrodinger difference relation, then the asymptotics obtained will be 
analyzed to conclude the presence of a.c. spectrum. 

Consider a general solution 
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X„ 

If Zm = Xmq, then 
where 
Let 



Xn+l 
Z -1 

1 



n = 0, 1,... 



-1 




Zm+1 — TmZm, m — 0, 1, . . . 

{n + Vmg+g)...{n + Vmg+l] 



n= 1,2,... 

(19) 



so that k{z) maps C\[— 2,2] onto D conformally. 

Notice that if P, P and Q, Q are {q, q— l)-th and the {q—l, g— 2)-th polynomials 
corresponding to the first Jacobi coefficients Vi,...,Vq and (1,0)*, (0,1)* initial 
conditions, then 

Pm. Qn 



T = 

rm. — 



Pm Qm 



Notice that detT^ = 1 and therefore PmQm — PmQm = 1- We also have 



k-k-^ 



k-k-^ 



and therefore 

Pm + Qm, = k'^ -\- k ' + d{k, Vrnq+l, ■ ■ ■ , Vmq-^-q), 

The function d{-) is a polynomial in Vmq+i, ■ ■ ■ ,Vmq+q and 

d{k, Vmq+l, Vmq+q) 0, m —>■ OO 

Introduce A^^j by 



_Pm + QmT\/{Pm + Qm? - 4 
^1(2) - 



These are the eigenvalues of T^. 
Let us take Um. 



Ur, 



Qm ~^ ^ Qm ~^ ^2 ^ 
P P 



Then we have 



^m+l^rn 



. (m+1) 



l)i -Pm+l(A2 "* — Qm) — Pm{^2 ~^ ^ ~ Qm+l) 
+ l)) ~Pm+l{^2 ~ Qm) ~\~ Pm{\ ~ Qm+l) 



(20) 
(21) 

(22) 

(23) 
(24) 

. (m+l) 



Qm) + -Pm(A]^ 

The matrix Um can be used to diagonalize as follows 

Tm{z) = Um{z)Am{z)U-\z) 
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where 



A™(z) 



aJ™^(z) 
a(™)(z) 

(m) 



Lemma 2.1. T/ie matrix Tm has eigenvalues A^2^(z) smc/i t/iat 



X^^\z) ■ Xi'^^z) ^ 1, zeC (25) 



lA 



i"2)(^)l = l' ze[zj+S{v),Zj+i~5{v)], j = 0, 
anii 

^ 

as 

Cm = max{|i;m9+g|, ■ • ■ , |Wmq+l|} ^ 

77ere Zj — 2 cos(7r — T^j/q), j = 0, . . . , g. 

Proof. The first identity follows from detT,„(z) = 1. Since the function d{-) in ([^D]) 
is real for real z, the second one is immediate from (|20l) . pT|) . and (|22p . □ 

Notice that il'' has eigenvalues 



2 / 

We have the following elementary perturbation result 

Lemma 2.2. // < Im z < 1, + (5 < Re z < Zj^i ~ S, j = 0, . . . ,q — 1, then 



Ai;7)(z)-C.i(2)(z) + 0(Cm) 



£ a(7+'^(z)-a(;;w'<c(<5) 

m— 



(26) 



and d > is fixed arbitrarily small number. Moreover, for all z in these domains 
we have the following estimate 

\n\x["'\z)\ = {C + 0{Crn))lmz (27) 

with some positive constant C . We also assume here that m > mo (5) and mo{d) is 
large depending on 6. 

Proof. For d{-), we have \d{k,Vrnq+i, ■ ■ ■ ,v,nq+q)\ < C\(^m\. It is also a polynomial 
in Vjnq+i, . ■ . ,Vmq+q- Then, ((26)) follows from the Mean Value Theorem and ((20)) . 
pT|) . and (I22p . To prove ([27]) . we fix j and consider the following function 

M^)=ln|Ai"')(z)M(z)| 

harmonic in the domain of interest: < Imz < 1, Zj + 6 < Rez < Zj+i — S. On 
the real line, i.e., for Zj + 5 < Rez < Zj+i — 6, Imz = 0, we have h{z) = and at 
all other points we have 

hiz) - 0(C™) 
Therefore, the interpolation lemma [XT] gives 

h{z)^0{Cm)Imz 

For (jJi(z) we have |wi(z)| > 1 + CImz with positive C, and one gets (|27|l . □ 
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Let us find Zm in the form Zm = UmSm and 

Sm+l = Ujj^^iT„iUmSm = U^-^^-^Jm^^rnSm = Wrri+li^rn — Um+l) + I]^mSm (28) 

Lemma 2.3. If < Im z < 1, Zj + 6 < Ke z < Zj+i — S, j = 0, . . . ,q — 1, then for 
the matrix norms we have 

\\Um+liUm — Um+l)\\e^ < C 



Proof. Away from the points zj, \\ U.^'^^W is uniformly bounded and the proof follows 
immediately from and (I23p . □ 

We need the following 

Theorem 2.1. Let 

K„ 



*„+l = (/ + Wn) 



K„ 



In 5n 



, *0 = 



where Kn G C, C > > \k\ > 1, the sequence ^„ — ||W^n|| G ^^(Z+) and its l'^ 
norm is small. Assume also that there is a constant < w < 1 so that 



In nil 

n—k 



Then, 



where 



and 



<C + vVT^, 



*n = Pn 



\nY[\l + 6n 



n—k 



<C + vVT^ (29) 



3=0 



Wn\ < C exp 



C 



■ exp 



Cv 



\k\-1 



Moreover, for any fixed e > and any k : \k\ > 1 + e, we have 

|0„|>C>O, |i^„|<C||C||2 
uniformly in n provided that ||C||2 is small enough. 
Proof. Let 



(30) 
(31) 



Pn 
Qn 



where 



Then, 



If 



3=0 



Yn+1 — 



1 

PnQn+l'^n"fn 



1 n 

1 
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then 



and we have the foUowing equations 

Tl-l 

j=0 



For 



For e 



n-2 
k=0 



ek,n = IkPkQkll'^k '^J ^^jPj + lPj 

j=k+l 



\ek,n\<ek = C\^k\ E 

j=k+l l=k 



l + ai 



From the obvious inequahty 



oo 



C 

< ^r-r-rcxp 

In K 



Inkl 



and Young's inequahty for convolutions, we get an estimate for the £^ norm 
sequence e introduced in ([34]): 



kill < 



C 



|«|-1 

This yields the same estimates for 



• exp 



kl-1 



I7II2 -11/311 



k=0 

uniformly in n. Now, to prove pop . one can use the following lemma below. 
Lemma 2.4. // a;„,w„ > 0, a;o = 1, and 



Xn+l < X^'^J^J 
j=0 



for all n > 0, then 



Xn < vo exp 



n-l 



, n > 2; xi < vq 
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Proof. Consider the functions 



j=o j=o 

[t]-i t 
1^ Vq + / x{s)v{s)ds < Vq + x{s)v{s)ds, t > 1 



We have 



The application of Gronwall-Bellman inequaUty gives p6|) . □ 

The estimate for f„ and the Une ([31]) are straightforward corollaries from the 
bound for ||0||oo, (|32|) . (l33|) . and the Cauchy-Schwarz inequality. □ 



Introduce 

f^m+l(^m ~ Um+l) 

Then, (|28p can be rewritten as 



'~fm 



m+1 



1 + 


am f3m 




X 
















(37) 



(38) 



Now, let us apply the theorem 12. II to (I38p . For each fc = 0, . . . , g — 1, consider z 
in the following domain: < Ini z < 1, + 5 < Re z < Zk+i — 5 where (5 is a small 
positive number. We have A^™' • A2™'' = 1 and lA^™"*] > (1 + Clmz) by lemma \TJ\ 
and ([77]) . In our notations 



and Km = A^"^ The estimate \\Wm\\ e ^^(2+) follows fr om the lemma [231 Now, 
let us control 

n n 

[](l + a„), l[{l + Sn) 
and the constant v{z) in ([^5[) . 

Theorem 2.2. For z : < Ini z < 1, + (5 < Re z < z^+i — S, k — 0,1, . . . ,q — 1, 
we have 



InHll 

n—k 



< C+(CImz)(;-/c)i/2, 



InH + 



n—k 



< C+{Clmz){l~ky/^ 
(39) 

as /on(7 as \\v\\oa is small. 

Proof. Consider the product for an, the product for (5„ can be treated in the same 
way. In notations of ([24|), ([37|l . 



l + Q;m(-z) 
where 



Irn+l) 



2 

1 PmQm+1 Pm+lQr. 



Pm+l{\ 



(m+1) _ ^(m+1) 



^This lemma can also be proved by induction. 
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Pr 



m+1 



P 



2-Pm + l 

(^rn+1 — Pm){Pm,+l + Q m+1 ) 



2P™+i(a("+^)-A 

Pm-\-l Pm H" Qm-\-l 



r = - 



^(^+1)^ 



since 



D \(™) 
m+l'^l 



2(;^(m+l) 



Pm^2 



2(Ai 



(m+l) 



(m+1) 



^(^+1)^ 



P ('\(™) \("l+l)x 

-Tm+llAj — A2 J 



^m+l(A]^ 



(m+1) 



A 



+- 



(m+l)N 
2 -I 

(-Pm+l 



-Pm+1 i^i 
''2 



(m+1) 



m 



A 



(m) 



A 



m+1 
(m+1) 



(m+1) 



^(m+1)^ 



A 



(m+1) 



A 



A 



(m) 



(m+1) 



A 



(m+1) 



A, 



A 



(m+1) 



A 



(m) 



(m+1) 
^^(m+1) _ ^ 



A 



(m+1) 



A 



(m+l)s| 
2 



(m+1) 
2 



)-(Ar-Ar)) 



(m+1) 



- A 



(m+1) 



P 



m+1 



2(A 

Pm ^ Qm+l 



(m+1) 



A 



(m+1) 



2(a1'"+'^ - A 



(m+1) 
2 



as follows from (f22|) 



and 



m+1 



-'mJA2 



Pm+1 — Pm {Pm + 1 ^ Pm){Pm+l + Qm+l) 



Pm+li.^1 



(m+1) 



A. 



(m+l)N 



2P, 



m+1 



2Pm+l(A]^ 



(m+1) 



A 



(m+l)N 



Obviously, all i^t ^ = 1, . . . , 5 and are small if ||u||oo is small. 

Therefore, we have 



Rein Jl (1 + a„) 



n—k 



< 



J — 1 n— 



c 



(40) 



We need the following lemma 



Lemma 2.5. If en ^ e ^ 

Then, 



|e„+i — e„| e i?^, and /(z) is holomorphic around e. 



^(e„+i - e„)/(e„) 



< C 



for k and I large enough. 

Proof. Consider g{z) holomorphic around e such that g{e) = and g'{z) = f{z). 
The Taylor formula around e„ yields 

I I 
9{^i+i) - gi^k) = E .9(e«+i) - .9(en) = E [('^"+1 ~ + 0(|en+i - CnP)] 

n— n— A; 

which shows that the second term in the right hand side is bounded. □ 
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Taking fiz) 



in the lemma yields 



n—k 



< c 



where j — 2,5. Now, for the other j, consider the following fmictions 

Re^t^jz) 

n—k 

which are harmonic near the intervals of interest. By Cauchy-Schwarz, we have 



Re^t^jz) 



< C{1 - fc)l/2 



(41) 



for any z in the specified domain. For real z within the intervals [zk + S, z^+i — S], 



Re^t^„(z) = 



(42) 



Indeed, all polynomials P, P, Q, Q are real for real z. On the other hand, for real 

z within these intervals and small ||w||oo, we have A^™^ = -^2™''' A^™-* — Aj™^ 

is purely imaginary. Now, the theorem follows from (1411) . (I42p and interpolation 
lemma 13.11 

□ 

As a corollary, we get 

Theorem 2.3. Consider z : < Imz < 1, Zk+5 < Rcz < Zk+i—S, k = 0,1, . . . ,q— 
1 and introduce Kj{z) and aj{z) as before. If vi = V2 = ■ ■ ■ = Vq — and Xq ~ 
{k~^{z), 1)*, then we have the following estimates for the solution of the Schrddinger 
recursion: 

|a;„g(z)| < J]^ Kj(z)(l + Qj(z)) -cxp 
3=0 

where the first factor in the r.h.s. is uniformly bounded for z e {zk + S, Zk+i ~ S), 
k = 0,1, . . . ,q—l. Moreover, for any fixed e > and any z : Im z > e > 0, we have 

.q{z)(^J[K,{z){l + a,{z))^ >C>0 

uniformly in n, provided that ||w||oo + ||<5''''w||2 is small enough. 
Proof. We have 



(— 

\ Im z 



- 



1 -k 
-1 



If 



(43) 

then we have recursion (IMl) for S*™ and 5o = (A;(z)-fc-i(z))(fc9(z)-A:-«(z))-i(l, 0)*. 
From ([43|) . an explicit form ([23| for Um, and theorems l2.HI2.2[ we get the statement 
of the theorem. □ 
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Remark. One can easily see that the analysis suggested above proves the asymp- 
totics for Xn{z) in the corresponding domains of complex plane, not just bounds 
from above and below. It is also conceivable that the complicated product of l + ctj 
in the asymptotics can be simplified and possibly eliminated (as for q = 1) by ap- 
plying some analog of lemma 12.51 We do not pursue it here and employ technique 
which is somewhat more powerful. 

Now, we are ready to prove the main result of this paper. 

Theorem 2.4. // the Jacobi matrix J given by {Ip has coefficients w„ — > and 
Vn+q — f n e for souic q, then aac{J) = 2, 2]. 

Proof. By Weyl's theorem, the essential spectrum is [—2, 2]. Take any small 5 > 0. 
We will show that all intervals [zj + 5, Zj^i — (5], j = 0, . . . , g — 1 are contained in 
the support the a.c. spectrum of J . Fix 5 > 0. Just like in the theorem II. 1[ we can 
assume that ||f ||oo + ||<^''''''i^||2 is as small as we wish. 
Then, we will prove 

j lnp'(z)dz > -oo, j = 0, ...,9-1 (44) 

Zj+S 

where p{z) is the spectral measure of the matrix J. Consider the truncated potential 
y-^ — v-Xj<N, the corresponding matrix J^, and the spectral measure p^, (we take 
N — qm). Since the potential is finitely supported, there exists the Jost solution: 

■^n+l ~^ ''^n -"^n ~^ -^n-l ~ ^-^n 

with the following asymptotics 

x^ ^ fc", n> N 
Then, the factorization (see, [4], (1.32)) 



holds. 

Obviously, x^ is the solution of the Cauchy problem x% = , x^_^_i = k^'^^ 
and Xq can be obtained by solving the recursion "backward". The theorem l2.3l can 
be applied then. Introduce the function (modified Jost function) 

Mz) = x^ (z) [ k^ + a,{z))K,{z)' 

where aj and Hj are taken from the theorem 12.31 (with "backward" ordering for 
potential). From this theorem, 

C 
Imz ^ 

uniformly in N as long as Zj + S < Ke z < Zj+i — (5, < Im z < 1. On the real line, 

m — 1 

k"" X{{l^a,{z))n,{z) 



|/Ar(z)| < exp 
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and we obtain 

\n{p^y{z)dz> -C1-C2 J \n\fNiz)\dz (45) 

Zj-\-6 

(-ln|/Ar(z)|)+dz < Ci J (ln(p^)'(z))+dz + C2 < C (46) 
uniformly in A^. Moreover, 

|/Ar(z)| >C>0 

if Imz > e(f), also uniformly in N. 

The function — In |/Ar(z)| is harmonic in Zj + 6 < Re z < Zj^i — 6,0 < Imz < 1 
because xo{z) has no zeroes in (otherwise the asymptotics at infinity would yield 
the complex eigenvalue for which is impossible) and 1 + Cij{z) ^ since Halloo 
is small. This function is also continuous up to the boundary since the potential is 
finitely supported. Due to (HS)) . the lemma of Appendix is then applicable. It 
yields 

(-ln|/Ar(z)|)- > -C j=0,...,g-l 
uniformly in N. By ([45]), we also have 

Zj + i-S 

\n{p''y{z)dz>C, 3=0,...,q-l 

Zj+5 

Now, notice that dp^ dp weakly as iV ^ 00 (see, e.g., []]) and the semicontinuity 
of the entropy argument from [4] (see corollary 5.3) gives (|44|) . Since (5 > was 
arbitrary positive, that proves that the a.c. spectrum is supported on [—2,2]. □ 

Acknowledgements. The author is grateful to A. Kiselev and B. Simon for 
useful discussion. He also wants to thank Uri Kaluzhny and Mira Shamis for point- 
ing out one mistake in the original version of this manuscript. This work was 
supported by Alfred P. Sloan Research Fellowship and NSF Grant DMS-0500177. 

3. Appendix 

In this Appendix, we prove several auxiliary statements used in the main text. 

Lemma 3.1. Assume that f{z) is harmonic in II ^ a < Rez < 6, < Imz < c 
and is continuous on the closure H. Then, two estimates 

|/(z)|<7, zeTT 

and 

/(z) = 0, ze[a,b] 

imply 

|/(z)| < C7lmz, a + <5 < Rez < 6-(5 
and the constant C depends on the domain 11 and 6 only. 
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Proof. Map 11 conformally onto the upper half-plane such that [a, b] goes to, say, 
[—1, 1]. Let g(^) be the transplantation of f{z). Then, an application of the Poisson 
representation 

g(x + iy) = - / — :rdt 



provides the necessary estimate. □ 

Consider the domain — {z ^ x + iy : a < x < b,0 < y < c} in the complex 
plane. The next lemma is rather simple and is taken from [5j. Below, the constants 
C are all positive, /-independent, and can change from one formula to another; 

denotes the positive/negative parts of a real-valued function / (i.e., = / if 
/ > and / = otherwise, f- = f - /+). 

Lemma 3.2. Assume f{z) is harmonic on S, continuous on E, and 

b 

f+{x)dx < C (47) 



and 



for some zi G S. Then, 



f{z)<Cy~°', zeS, a>0 (48) 
f{z,) > -C (49) 

b-S 

f-{x)dx > -C{6) 



a+S 

Proof. Take isosceles triangle ABC as shown on Figure 1 below and write the mean 
value formula for / 

f{z)u;{z)d\z\ + J f{z)cj{z)d\z\ + J f{zMz)d\z\=f{zi) 

AB AC BC 

where lo is the harmonic measure for triangle and zi assuming that zi is inside it. 
That can be rewritten as 

f-{zMz)d\z\ + J f-{z)iu{z)d\z\ + J f-{zMz)d\z\ = 

AB AC BC 



= J f+{zMz)d\z\- J f+{zMz)d\z\- J f+{zMz)d\z\ 

AB AC BC 

By taking the angle 7 small enough we can always guarantee that uj will decay fast 
at A and B so that the integrals of over AC, BC are uniformly bounded due 
to P5|) . The integral of over AB is bounded due to (|T7)l . Therefore, since /(zi) 
is bounded from below by (05]), we get the uniform estimate for the left-hand side. 
If zi is not inside the triangle, an analogous argument would work if one takes a 
slightly different shape (e.g., a curved triangle). □ 



In the main text, the condition that zi is inside a triangle can always be realized 
by assuming the norm of v to be small. 
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Figure 1 



The slight modification of the argument provides the next lemma which is crucial 
for our considerations. It allows to obtain the entropy bounds from very rough 
estimates on modified Jost functions. 

Lemma 3.3. Assume f{z) is harmonic on S, continuous on S, and 

b 

f+{x)dx < C 



/■ 



f{z) > -Cy-", 2 G S, a > (50) 

and 

f{z) < C (51) 
for Imz> d{a) = C(l + a)-^ > 0. Then, 

b-S 

J f-{x)dx > -C{5) 

a+S 

Proof. Take two equal triangles ABC and ADC as shown on the Figure 2. As in 
the previous lemma, 

J r{zMz)d\z\ + J f-{z)u;{z)d\z\+ J f-{zMz)d\z\ = 

AB AC CB 

= f{zi) - j f+{z)uj{z)d\z\ - I f+{zMz)d\z\ - j f+{z)uj{z)d\z\ (52) 

AB AC CB 

By the same arguments, we only need to provide a uniform estimate from above for 
the integrals over AC and BC . Consider the integral over AC, the other side can 
be treated in the same way. Consider ACD with Z2 being symmetric to Zi with 
respect to the line AC. The harmonic measure for ACD and Z2 is equal to the 
same w and we have 

j f+{z)u{z)d\z\+ j f+{z)u:{z)d\z\+ j f+{z)u:{z)d\z\ = 

AD AC DC 
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= f{z2)- J .r{zMz)d\z\~ I r{zMz)d\z\~ J r{zMz)d\z\ 

AD AC DC 

The estimate (I5T|) gives a bound for f{z2) from above and controls the other 
terms in the right-hand side if the angle 7 is small enough. Thus, 

f+{zMz)d\z\ < C 



AC 



and that finishes the proof due to ([52ll . Choosing d{a) = C(l + a) ^ with small C 
guarantees that ([?T|) is applicable to Z2. □ 




Figure 2 
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